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Chapter 1

Classical Galois theory

Definition 1.0.1. We recall that for a finite group G, an extension of fields K — L is G-Galois

iff there is an of G' on L in the category of fields, and L& = K. Here L denote the G-fixed
point of L.

Moreover, we see that we have a natural additional condition.

Proposition 1.0.2. Namely, we consider the map of F-algebra h : E ®p E — [[oE by
(e1 ®eg) — (g — e1-g(ex)). We claim that this map is an isomorphism by choosing a set of
normal basis of F' over E.

We see an amazing (maybe not that amazing) analogy of Galois extensions with the theory
of G-principal bundles.

Definition 1.0.3. Recall from last week that we traditianally define a G-principal bundle to
be a bundle p: Y — X with a G action on Y such that G xY =Y xx Y, and Y/G = X.

Therefore, by passing to the language of algebraic geometry, we see that G ~ L induces an
action SpecL « G, and the two conditions translates to SpecL/G = SpecK, and SpecL x G ~
SpecL Xgpeck SpecL.

Thus we may extend Galois theory naturally to the category Ring.

Definition 1.0.4. We define for a map R — T, and for a finite group G ~ T through RAlg,
the extension is Galois iff we have R~ T and T ®r T = [ T. Equivalently, the extension is
Galois iff we have the map SpecT — SpecR is a G-principal bundle.

As an application, we see that we have an unramified G-Galois extension K — L induces a
GG-Galois extension on the integral rings.

G-Galois extensions of rings admit nice properties, listed below. We omit the proof since
the speaker is not that good on commutative algebra, although the proof may be direct using
algebraic geometry.

Lemma 1.0.5. For R — T a G-Galois extension, we have T faithfully flat and finitely generated
projective over R.

We immediately see that the above definition generalizes immediately to the rings in the
Sppg, or its subcategories consisting of A-modules (where A is a E-local ring spectra). However,
we will work on Sp since on most occasions there are completely no obstructions to generalizing
the proof to Spy. We can make a slight generalization to the above definition by allowing G to
be any topological group with some nice properties. This requires some work.
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Chapter 2

Preparations on topological groups

Definition 2.0.1. Recall that for a spectrum X, its dual is defined to be Map(X, S), where S
is the sphere spectrum. We define a topological group G to be stably dualizable if its suspension
spectrum S[G] := NG is dualizable. We denote for simplicity its dual to be DG ..

Here we explain the notation S[G]|. We claim that this spectrum is an analogy for the classical
group algebra Z[G| (the latter makes sense only when G is discrete, of course). Namely, we
claim the following.

Definition 2.0.2. For a ring spectrum R, a right R-module A and a left R-module B, we define
the relative tensor product A ® g B to be the following bar construction

lim( A® B A9 R® B )

Similarly we define for a left R-module A and a left R-module B the internal hom for modules
Mapp(A, B) as the cobar construction

—
lim( Map(A, B) &— Map(A® R, B) —— Map(A® R® R, B) )
—
Notice that the second construction indeed respects the R-module structure of B since the map
(for example) Map(A, B) — Map(R ® A, B) is given by the dual of

R® A®Map(A,B) - R® B— B

Notice that this construction is equivalent to the mapping spectrum given by the stable structure
of R-module categories since they can be identified for A a free module.

Proposition 2.0.3. S[G| admits a ring spectrum structure, and for a spectrum X, a left S[G]-
module structure on X is equivalent to a left G-action on X, and if we equip S with the trivial
bimodule structure, we have S ®gjq) X = Xnra, and Mappgg(S, X) = XME  We have a
similar theorem for right S|G|-module structures on X. Likewise, we define for an Eo-ring
spectrum A, the group algebra A[G] = A ® S|G].

Proof. The ring spectrum structure of S[G] comes from the property that ¥3° is symmetric
monoidal, allowing us to inherit a ring structure from the group structure of G.

Then, given a S[G]-module structure on X, the g € G acts on X by the map X ® S —
X ® S[G] — X, where S — S[G] is given by the inclusion {g} <— G, and the second morphism
the structure map of the module.

Therefore we have equivalences of categories Fun(BG, Sp) ~g(q Mod. Then, notice that given
a spectrum X, the trivial G-action on X is given by the module structure S[G] ® X — X given
by the projection of all elements of G to a point. In particular, the trivial action of G on S is
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given this way. We conclude that this functor is equivalent to associating a spectrum X the
constant X-valued BG-diagram in Sp. Moreover, We see that S ®@g|g) X and Map LS[G}(S, X)
are by definition the left adjoint and right adjoint of the inclusion via trivial modules. By the
uniqueness of the left and right adjoint, we see that S ®g(g X = Xprc and MapLS[G](S, X)=
XhLG‘ ]

Corollary 2.0.4. DGy admit a right G-action, with the right S[G|-module sturcture given by
the dual of the left S[G]-module structure on S[G], explicitly given by the following

Homsp(MapSp(S[G], S) ® S[G], Mapsp(S[G], S)) ~ Homsp(MapSp(S[G], S)® S[G] ® S[G], S)
and the map is the preimage of Mapg, (S[G], S) ® (S[G]® S[G]) — Mapg, (S[G], S)®@ S[G] — S.

With this proposition, we from now on abbreviate all our notations by replacing S[G] with
G (i.e. G-modules, etc).

Construction 2.0.5. Notice that S[G] admits a Hopf algebra structure with coalgebra structure
given by the diagonal map A : G — G x G, the counit given by the map collapsing G to a point,
and the conjugation given by the inverse map i : G — G.

Definition 2.0.6. For a stable dualizable group, we define the dualizing spectrum S2d¢ =
S[GMEC | where S[G] is regarded as a right G-module.

Theorem 2.0.7. We have DG ® S¢ ~ S[G].

Proof. We consider the shear map given by

where the first map is given by the diagonal map of S[G] and the second map the structure
map of DG. We claim that this map has an inverse given by

DG, ® S[G] — DG, ® S[G] ® S[G] — DG ® S[G] ® S[G] — DG4 ® S[G]

where the middle map is induced by the inverse map on the middle S[G]-factor. Then, notice
that if we take a right G-action on the left given by the right G-action on S[G], the shear map
takes this G-action to the standard right G-actions. Thus taking homotopy fixed points on both
sides, we obtain on the left (DG ® S[G])"“ ~ DG, ® S24¢ and on the right we have

(DG4 ® S[G])"C
~Mapsy (6], S[G))
“MappG(S, Mapsy ([G1, S[61)
~MapG(5(C), SIC))
~S[G|

(just believe me here, you don’t want to check the G-actions by yourself). ]

Corollary 2.0.8. Dually we define S~ = (DG )rq. Moreover, we have S[G] ® S24C ~
DG,

Corollary 2.0.9. This implies S?¢ © §—2d¢ ~ g

Proof. From the above we deduce that S[G] ® S24¢ © §~24¢ ~ S[G]. Then by shearing the G
actions on both sides to only acting on S[G] if necessary, taking G-homotopy orbits on both
sides we obtain the result. O
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Corollary 2.0.10. For X a left G-module, this map induces the norm map N : (X ®.524F) 5 —
XMG - As a result, we may define the Tate construction X'C to be the cofiber of the norm map.

Proof. Consider the limit-colimit exchange map
k(X @SN e = (X @ S[G)nwe)™ ™

where X ® S[G] is equipped with the right action acting only on S[G], and the left action acting
diagonally. Then by definition, (X ® S[G])"?¢ ~ X ©.524¢  and the right hand side is equivalent
to X"E¢ by the shear map X ® S[G] — X ® S[G] sending the diagonal action to the action only
on S[G], and use the fact that S[G]nrLq = S ®¢ S|G] = S[G]. Finally, after shearing, we have
induced a non-trivial right G action on X, hence we have on the right the X"EC equivalent to
XMG equipped with the original left action. O

Lemma 2.0.11. We have (S[G] ® X)'¢ ~ x.

Proof. Notice the source of the norm map can be identified with (S[G] ® X ® S24%), ;¢ ~
X ® 524G since we may always shear the G-action on the left to the action only on S[G]. Then
on the right we have

(S[G] ® X)hRG’ ~ (DG+ ® SadG ® W)hRG ~ Map(S[G], W ® SadG)hRG ~W® SadG
Then we obtain the result. O

With these preliminaries, we may begin our topic on Galois extensions. Moreover, from now
on, all G actions are left G actions, so we discard the notation hRG and use hG for hLG.
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Chapter 3

Galois extensions of ring spectra

Definition 3.0.1. Let A — B be a map of E., ring spectra, and let G be a stably dualizable
group acting on the left B through E., A-algebras (this basically implies that A — B is also
a map of left G-modules). We say that this is a G-Galois extension if we have A — B"“ is
an equivalence, and h : B ®4 B — Map(S[G], B) is an equivalence, where this second map is
obtained from the dual B®4 B® S[G] - B®a B — B.

The definition is well enough intuitive, and we present a first example of G-Galois extensions.

Lemma 3.0.2. Let R — T be a homomorphism of discrete commutative rings, and let G be
a finite group acting on T through R-algebra homomorphisms. Then R — T is a G-Galois
extension iff HR — HT is a G-Galois extension.

Proof. = : A theorem states that T is a finitely generated projective R-module, and T is
moreover invertible as an R[G]-module. Therefore T is also flat, and hence Tor’ (T, T) = 0 for
s # 0. Furthermore, we have Extyy (R, R[G]) = Exth(R, R) = 0 for s # 0 by a Grothendieck
spectral sequence argument, hence we have Ext‘;%[G}(R,T ) = 0 for s # 0. Therefore we apply
the spectral sequences

B2, = Tort% (M., N.) — Torlt, (M. )

EDY = Exth?(M*,N*) = Ext}; (M, N)
to the above and obtain spectral sequences

Ez%,q = Hp(G7 W—qHT) = EXt%%[G](R, T) — 7T5+t(HThG)

Eg’q = Torgq(T, T) = (HT ®yugr HT)

Notice by the above argument, the spectral sequences collapse and we obtain (HT)hG ~

H(T®) = HR, and HT @y HT ~ H{T @ T) ~ H1[oT ~ [IcHT. Thus HR — HT
is a G-Galois extension of ring spectra.
The converse is obvious. O

Unlike the case of fields, since we are working with ring spectra, we are allowed to have
trivial extensions.

Lemma 3.0.3. For any E-ring spectrum A with G stably dualizable, the map
A — Map(S[G], A) is a G-Galois extension. The map A — Map(S[G], A) is the dual of the
collapse map mapping G to *.

Proof. Direct. O

The above extensions are in fact, faithful. This is in fact, easy to prove, after we have given
some definitions and criteria in the following section.
Another example is the well-know fact on K-theory.

5



), dF 42 REAHK

7 ) Qiuzhen College, Tsinghua University

Theorem 3.0.4. Recall that the Adams operation =" : KU — KU is the operation sending
a vector bundle to its complex conjugate, and (p~1)? = id. Then let ¢ : KO — KU be the
complezification, then we have ¢ and =" exhibits KU as a Ca-Galois extension of KO.
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Chapter 4

Dualizability and faithfulness

We first give some lemmas on dualizability and faithfulness.

Definition 4.0.1. Recall for A an Ey-algebra, an A-module M is faithful if for any other
A-module N we have M ® 4 N =0 = N = 0. We say an A-algebra B is faithful over A if it
is faithful as an A-module.

Recall the fact that we have for discrete rings that all Galois extensions are faithful. However,
this is not the case for ring spectra, and we will later present many criteria for an extension of
ring spectra to be faithful. The main reason that we care about faithful extensions is that the
Galois correspondence only works for faithful extensions.

Lemma 4.0.2. Let A — B be a map of Eo-algebras, and M a faithful A-module, we have the
following.

1. A map of A-modules X — Y is a weak equivalence iff M @ X — M ®Y is a weak
equivalence.

2. B®a M is a faithful B-module.

3. If A — B is moreover faithful, and for some A-module N we have B @4 N is a faithful
B-module we have N is a faithful A-module.

4. For R — T a faithfully flat map of discrete rings, we have HR — HT a faithful map of
E-ring spectra.

Proof. The first assertion is direct by considering the mapping cone of X — Y.

The second assertion is by the associativity of the smash product.

For the third property, consider some A-module X. Then if X ® 4 N = 0, we have (X ®4 B)®p
(BRaN)=(X®4N)®sB =0, hence X ®4 B =0, but since B is faithful over A we have
X =0.

Finally for the last property, consider an H R-module N. Then we have the spectral sequence

E2, = Tor® (1.(N),T) = mpo(N @ HT)

which collapses at the first page by flatness of 7. Thus we have 7.(N) ® g T = 0, hence by
faithfulness of T' we have 7,(N) = 0, hence N = 0. O

Lemma 4.0.3. Let A — B be a map of Ex-algebras, and M an A-module. Then we have the
following.

1. If M is dualizable as an A-module, then B ® o M is a dualizable B-module.

2. If A — B is faithful, B dualizable over A, and M ® o B is a dualizable B-module, then M
is a dualizable A-module.
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Proof. For the first assertion, we verify the map Mapg(B®4 M, B)®@p(B®4 M) — Map(B®4
M,B ®4 M) is an equivalence. But this is direct by
Mapg(B ®4 M, B) @p (B ®4 M)

~Map (M, B) @4 M

~Map 4 (M, B ®4 M)

~Mapp(B ®a M,B®4 M)
using the fact that M is dualizable as an A-module.
For the second assertion, to show Map 4 (M, A) ®4 M ~ Map 4(M, M), it suffices to show that
we have an equivalence after tensoring B on both sides using that B is faithful over A. But
notice that we have B ®4 Map4(M, A) ~ Map,(M, B) by faithfulness of B, and similarly

Map (M, M) ®4 B ~ Map,(M,M ®4 B). Hence the desired map is an equivalence iff the
following map is an equivalence

Mapg(B ®4 M,B) ®@p (B®4 M) — Mapg(B ®4 M,B ®4 M)
which is by definition. O
Lemma 4.0.4. Let A — B be a map of Eo-ring spectra, and let G be a stably dualizable group

acting on B through A-algebra homomorphisms. Then if M is a dualizable A-module, then the
canonical map M ®4 B" ~ (M @4 B)"“ is an equivalence.

Proof. Notice that the left hand side could be identified with Map(D 4 M, B"“), while the right
hand side could be identified with Map 4(D4M, B)"?, and we may simply use the fact that
taking limits commutes with the second factor of Map. O

Proposition 4.0.5. Let A and B be Eo ring spectra, and B be a G-Galois extension of A,
then we have

1. For each B-module M a natural equivalence

hy i M ®4 B — Mapg, (S[G], M)

2. For each B-module M a natural equivalence

Jjm M ® S[G] — Map, (B, M)

Proof. We define hjps to be the composite
M®sB~M®®pB®sB~M®pMap(S[G], B) - Map(S[G], M)

This is a weak equivalence since in the last map S[G] is dualizable, hence Map(S[G], X) =~
DG, ® X.
Then we give the definition of jjs, prove the second assertion. We define jj; again through its
adjoint
M®G,®1B 2% M®sB— M
Then we have
Jjm M @ S[G]

~Map(DG 4, M)

zMapB(B ® DG+, M)

~Mapg(Map(G+, B), M)

—Mapg(B ®4 B, M)

:Ma‘pA (B7 M)

where the only arrow is an equivalence for the first assertion. O

8
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Proposition 4.0.6. Let A — B be a G-Galois extension, then B is a dualizable A-module.

Proof. We show the map Map 4(B, A) ® B — Map4(B, B) is an equivalence. Note that this is
the top map in the following diagram.

M @4 Map 4(B, A) —————— Mapy(B, M &4 A)

M ®4 (B® S[G) ————— (M ®4 B ® S[G))"C

M ®4 (B® S[G]) ® §24%),¢ —— (M @4 B® S[G] ® 524¢),¢

Since M has no G-action on it, the bottom map is an equivalence. Then the top left map is
an equivalence by definition, the second left map is an equivalence since limits commutes with
Map(X, —), and the third left map is an equivalence by the preceding proposition, and the
bottom left map is an equivalence by the lemma we proved after we defined the norm map.
Therefore, all the maps in the diagrams are equivalences. O

Then, we present a few criteria for faithful extensions.

Proposition 4.0.7. A G-Galois extension A — B is faithful iff the norm map N : (B ®
524Gy, o — BMC s an equivalence.

Proof. If the norm map is an equivalence, and M is an A-module such that M ® 4 B ~ %, then
we have the following.

M~M@sA~ M@ B"Y ~ Moy (Bo S0~ (M os0p® 5296 ~ «

Thus A — B is faithful.
For the converse, it suffices to prove B ®4 (B ® S21¢),; — B ®4 B" is an equivalence. To
prove this, consider the diagram

B®a (B & SadG)hG E— (B ®4 B® SadG)hG N (Map(S[G},B) ® SadG)hG

| | |

B®yB"Y ————— (B®y B)"¢ ——————— Map(S[G], B)"“

Notice that all the horizontal maps are equivalences by preceding lemmas or definitions, and
the rightmost vertical map is an equivalence by a dual argument of the fact that the norm map
is an equivalence on free G-modules. O

Proposition 4.0.8. Let A — B be a map of By ring spectra, and let G be a stably dualizable
group acting on B through A-algebra maps. Then A — B is a faithful G-Galois extension iff
B ®4 B — Map(S[G], B) is an equivalence and B is faithful and dualizable over A.

Proof. = is obvious, and we prove <= . We show A — B"® hence B — B ®4 B"“ is an
equivalence. But we have B ~ Map(S[G], B)"“ ~ (B®4 B)"Y ~ B®4 B"? where the last map
is again by the dualizability of B. O
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Proposition 4.0.9. Let A — B be a G-Galois extension with G an Eo, group. Then B is
smash invertible as an A[G]-module iff A — B is faithful.

Proof. = : On this side GG need not to be Abelian. Suppose the smash inverse of B is C, that
is, B®y(q C ~ A[G], and N ®4 B >~ *, then N ®4 A[G] ~ N ®4 B ® 4;q) C =~ *, hence N, as
a retract of N ®4 A[G], is contractible.

<= : We prove that the smash inverse of B is its dual D 4g)B = Map 4i¢(B, A[G]). In fact, we
prove the evaluation map Map4i)(B, A[G]) ®46) B — A[G] is an equivalence. Since A — B
is faithful, and that both sides are endowed with the natural A-module structures, hence it
suffices to prove that

B ®4 Map 46)(B, A[G]) ®ajq) B — B[G]

is an equivalence. Then this map factors as the following
B ®4 Map 4(1(B, A[G]) ®416) B
~Map 41;)(B, B[G]) ®aq) B
~Mapp|q(B ®a B, B|G]) ®p|g) (B ®a B)
—B|G]

where the first equivalence is by the dualizability of B, and the second equivalence is natural.
Hence it suffices to prove that the last evaluation map is an equivalence. Then, we have an
equivalence of B[G]-module maps (since G is Abelian, we don’t distinguish between left and
right modules here).

(B®4 B) ® $24¢ ~ Map(S[G], B) ® §* ~ B® DG, ® 5S¢ ~ B|G] — B[G]

Where the last map is given by the inverse map of G (actually I believe that this is the place
where the Eoo-structure of G comes in). Therefore by replacing B ® 4 B by B[G] through this
(shifted) equivalence in the above map, it suffices to prove that Map g (B[G], B[G]) ®p|q
(B[G]) — B|G] is an equivalence, which is obvious. O

Lemma 4.0.10. Let A — B be a map of Es ring spectra, and let A — C be a G-Galois
extension. Then we have the following.

1. If A — C is faithful, then B — B ®4 C is a faithful G-Galois extension.

2. If B is dualizable over A, then B — B ®4 C is a G-Galois extension.

Proof. Notice the action G ~ C extends to G ~ B®4 C by sending g : C — C to 1 ® C' :
B®4C — B®yC. For the first assertion, notice that C' is dualizable and faithful over A by
assumption, hence B ® 4 C' is dualizable and faithful over B by the lemmas at the beginning of
this section. Finally we verify (B®4 C)®@p (B®4 C) — Map(S[G], B®4 C) is an equivalence.
By definition, this map is equivalent to the map B®4 C ®4 C — B ®4 Map(S[G], C), which is
clearly an equivalence since C' is G-Galois over A.

For the second assertion, the map (B4 C)®p(B®4C) — Map(S[G], B&4C) is an equivalence
by exactly the same argument as above, and B — (B ®4 C)"“ is an equivalence since B ~
B®yg A~ B®y Che ~ (B®a C)hG since B is dualizable over A. O

Lemma 4.0.11. Let A — B and A — C be maps of E ring spectrum, and suppose B is
faithful and dualizable over A. Then let G be a stably dualizable group acting on C through
A-algebra maps. Then we have B — B®4 C is a (faithful) G-Galois extension implies A — C
is a (faithful) G-Galois extension.

Proof. We verify that A — C"? and C ®4 C — Map(S[G], C) are equivalences. For the left,
notice that B~ B4 A — B®4ChC ~ (B®2a C)hG is an equivalence by the assumption, and by
faithfulness of B we obtain the result. The second map is an equivalence since B4 C®4C —
B ®4 Map(S[G],C) is an equivalence by the same reason as above. O

10
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Chapter 5

The trace map and the discriminant
map

Definition 5.0.1. For A — B a G-Galois extension of E., ring spectra, we define the trace

map (as an A-module map)
tr: B®S™Y - A

by the following
B®5*¢  (B® 5§66 & B ~ 4

or equivalently the following
B® SadG ~ B® S[G]hG ~ (B ® S[G])hG N BhG ~ A

where the map (B ® S[G])"? — B"“ is derived from the homotopy fixed point of the map of G
acting on the right of B via the inverse of the left action.

When G is finite, we have a better characterization of the trace map by the following.

Lemma 5.0.2. For A — B a G-Galois extension with G finite, then the composite
BS A B

is the sum of all the actions of g € G on B, and the composite
A-B% A

is the multiplication by |G| map.
Proof. This is by directly calculating norm map. O

Corollary 5.0.3. tr is a split surjective map of A-modules if |G| is invertible in mo(A), hence
such extension is faithful.

Proof. By definition. O

Definition 5.0.4. We define the trace pairing B ®4 B ® S?4¢ — A as a map of A-modules is
defined as the composite
B®sB®SY & B st 5 4

11
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Then as in the classical case, we define the discriminant map discg/q : B ® 524G 5 D4 B as
the following composition.
B ® §*¢

~B ® S[G]"“

~(B ® S[G)"

5 (B® S[G)"C

~Map 4(B, B)"¢

~Map 4(B, B"%)

~DuB

where ( is the shearing map sending the G action solely on S[G] to the diagonal action on
B ® S[G], hence this can be identified with the twisted group ring.

Lemma 5.0.5. We have discg/q : B® 524G D4 B right adjoint to the trace pairing B ®4
B ® 824G 5 A,

Proof. This is direct, but we should use the second definition of the trace to see this better. O

Proposition 5.0.6. For A — B a G-Galois extension, we have discg;4 : B @ 524G DB
an weak equivalence. In particular, B is self-dual as an A-module taking into account a tensor
invertible S*4C .

Proof. By definition, all maps used to define discg,4 are equivalences. O

12
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Chapter 6

The Galois correspondence

We first address the easy part of the Galois correspondence. When our Galois groups are finite
groups, we considered the fixed subfield of its finite subgroups. But now, our groups have been
generalized to stably dualizable groups, hence we also need to generalize the finite subgroups
to the following called allowable subgroups.

Definition 6.0.1. Let G be a stably dualizable group, and we say a subgroup K C G is
allowable if K is stably dualizable, the collapse map G x g EK — G/K is a stable equivalence
(which says that the quotient behaves homotopically), and the projection G — G/K admits a
section. We say K is an allowable normal subgroup if furthermore K is normal.

Finally we define the equivalences between allowable subgroups to be the minimal equivalence
relation generated by the inclusions K C K’ and K — K’ is a stable equivalence.

We remark here that this is the correct notion of subgroups in our context.

Theorem 6.0.2. Let A — B be a faithful G-Galois extension and K C G be any allowable
subgroup. Then the inclusion C = BMS — B is a faithful G-Galois extension. Moreover, if K
is an allowable normal subgroup, then A — C is a faithful G-Galois extension.

Proof. We will prove the extensions are Galois by detecting it through the dualizable and faithful
algebras. That is, since B is faithful and dualizable over A, we have C' ® 4 B is faithful and
dualizable over C'. Thus to prove C — B is Galois, it suffices to prove that

Bos4C=C®:(C®4B)— B®c(C®aB)=B®sB
is Galois. We consider the commutative diagram

A B B B

L | !

C —— C®a B —— Map(S[G], B)" «+— Map(X¥G/K, B)

| i |

B —— B®4 B —— Map(S|G|, B) +—— Map(S|G], B)

we must prove that all the horizontal maps on the middle and right are equivalences, so that
the extension B ®4 C' — B ®4 B would be equivalent to the extension Map(X¥G/K, B) —
Map(S[G], B). However, by the allowable condition, we would have

Map(S[G], B) ~ Map(E¥ (K x G/K), B) ~ F(S[K],Map(XY(G/K), B))

which is equivalent to the trivial extension. In particular, since the trivial extension is faith-
ful, this is also faithful. Now, only the horizontal maps in the second row are non-trivially
equivalences. B ®4 C — Map(S[G], B)"¥ is by definition the composite

B®sC~B®y B"™ ~ (B4 B)" ~ Map(S[G], B)"

13
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hence is an equivalence.
The map Map(X5°(G/K), B) — Map(S[G], B) is an equivalence since it is the composite

Map(X5°(G/K), B) ~ Map(S|Gux, B) ~ Map(S[G], B)"

by the allowability condition.

Finally it remains to treat the case where K is normal. If this is the case, then G/K is
also a group, hence the extension B — B ®4 C' is equivalent to the trivial extension B —
Map(S[G/ K], B), hence is faithfully G/K-Galois. And since B is faithful and dualizable over A,
we may reflect this faithful extension back and obtain that A — C'is faithfully G/K-Galois. [

The converse is much more difficult. Firstly, we cannot do the the converse result for the fully
general case for calculational reasons, and this actually involves a deeply involved calculational
technique developed by Goerss-Hopkins. We give a brief introduction to this theory, and apply
it to the converse problem.

6.1 Goerss-Hopkins obstruction theory

We first give our the underlying category of our theory.

Definition 6.1.1. We define a category € to be Grothendieck prestable if there is some pre-
sentable stable category D equipped with a t-structure compatible with filtered colimits, and
C ~ D>g. In fact, we can canonically find such D by taking D = Sp(C), and associate it with
the t-structure coming from C.

If furthermore C is endowed with a symmetric monoidal structure, we require the above defini-
tions to be compatible with our symmetric monoidal structure.

Definition 6.1.2. Notice for such €, we have doing truncations and taking connective covers
agreeing with the t-structure of D. Then we define C¥ by its discrete objects, and we have
€Y ~ Sp(€)?. Then we define for X € €, m;(X) € €Y to be (£;X)<o.

Notice that a symmetric monoidal structure on € gives a symmetric monoidal structure on €%
making 7 : € — €Y symmetric monoidal.

Definition 6.1.3. We define a grading on a symmetric monoidal Grothendieck prestable cat-
egory € to be an autoequivalence [1] : € — € requiring (¢ ® d)[1] ~ ¢[1] ® d. As usual, we will
denote by its inverse [—1].

The autoequivalence preserves 3 and 2, and hence preserves the t-structure of €. In particular,
[1] preserves the subcategory of discrete objects, so [1] restricts to an autoequivalence €V — €Y,
and we have (m;X)[k] ~ m;(X[k]). We define the bigraded Ext groups for objects in €¥ by

Ext$5 (A, B) = Hompeo) (A, °B[—1])

viewed as an object in €¥. Finally we can always give any Grothendieck prestable category the
trivial grading by [1] = ide.

Definition 6.1.4. We say C is separable if the homotopy groups detect equivalences, and
complete if the Postnikov towers converge, that is, for every X € C we have X — @n X<p is
an equivalence.

Definition 6.1.5. A shift algebra A is an E;-algebra in € equipped with a map 7 : ¥ A[-1] — A
of right A-modules inducing an isomorphism 7, A ~ myA[7|, where the latter is defined by the
graded algebra in €Y by (moA[7])x ~ (moA)[—k].

Lemma 6.1.6. Let A be a shift algebra, and let M be a left A-module. Then the following are
equivalent.

14
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1. M >~ 1A Qpya moM.
2. mpA®4 M € CY.
3. T®idp : XM [—1] — M is a 1-connective cover.

Proof. Notice that 7 induces a cofiber sequence of right A-modules
YA[-1] - A — mA
By tensoring with M we obtain
SM[-1] - M — m0A®a M

which implies that (2) <= (3). Then notice that (1) = (3) since Ty M = 7%7oM[—Fk], hence
taking k = 1 we obtain condition (3). Finally if (2) <= (3) holds, we have moM ~ mgA®4 M
and T M = m A® w1 M by the long exact sequence associated to the above cofiber sequence,
which clearly proves condition (1). O

Definition 6.1.7. We define a left A-module M to be periodic if it satisfies the above equivalent

conditions. We denote the category of periodic modules to be the full subcategory Mod’" (€) C
Mod 4(C).

The category of periodic modules, under mild conditions, is stable. Explicitly we have

Theorem 6.1.8. Let A be a shift Es-algebra, then we have Mod?y" (C) ~ Mod7, ' (Sp(€)),
where the second category is the stable subcategory of Mod 4(Sp(C)) consisting of T-local mod-
ules.

It might seem strange at this point, but what we are trying to do is actually find methods
to recover periodic modules over shift algebras, which will finally lead to a spectral sequence
calculating (in our setting) Homg__a—a1g(B, B). We will do the first thing by building the
periodic module layer by layer. Hence from now on, we assume that the base Grothendieck
prestable category to be complete. Therefore, we will abuse notation by writing A<, = A.

Construction 6.1.9. For any associative algebra A, its postnikov tower is a tower of associative
algebras
A— - = Ay = - = Ao

where the passage from A<n_1 to A<y is obtained by a square zero extension (we just point
it out here, and it would be crucial for later purposes). This induces a tower of Grothendieck
prestable categories by

Mody — --- — Mod_, — --- — Mod_,

By giving a filtration on each category Moda_, by truncation, we may prove that Mod ~
lim ModASn. Hence to understand Mod 4, it suffices to understand ModASO, and the relations
between MOdASn and MOdAgn,l'

For the second problem, we do the following construction.

Construction 6.1.10. We define F,, € Mod a<,, by the fiber sequences F,, = A<, = A<p_1,
which gives a pullback diagram of the form

Agn _— Agnfl

-

| [

Agn_l T) Agn_1 D EFn

15
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Here A<p,—1 @ XF), is a trivial square-zero extension, and dy is the trivial section, while d is a
map of algebras depending on the square-zero extension A<, — A<n—1. This square induces a
pullback square of module categories.

MOdAgn EE— 1\/10(1149%1

I [
1\/.[0(1,49%1 7) MOdAgnAEBEFn

here d* and df denote the pushforward (tensor) of modules induced by the map d and dy. Then
we let © : ModASW1 — ModASW1 is defined as OM = d.djM, where d, is the pullback of
modules along d. Ezplicitly, we have O©M ~ M & X"t (A<o ®a_,_, M).

Then consider the projection p : A<p_1BXF,, = A<p_1, noticing that d and dy are both sections
of p, we have a map dydiM — dyp*pdiM ~ M. This gives a natural transformation of functors
m: 0 —id.

Theorem 6.1.11. We define the category of ©-sections © — Secta_, , to be the category of
triples (M, s, h), where M € Moda___,, s: M — OM and h is a homotopy from wo s to idyy.
Then we have Moda_, ~ © — Secta_ . This means that M can be lifted to Mod ., iff ©
has a section. - - -

The first problem is relatively easy.

Theorem 6.1.12. If Mod 4 is generated by periodic modules, then we have an equivalence of
categories

Mod 4 ~ D>o(Mod,4(C”))

With these preparations, we will present obstructions to constructing a periodic A-module
M with the information of mo(M). In later context, we assume that Mody4 is generated by
periodic A-modules.

Definition 6.1.13. Recall that a module M is periodic iff m. (M) ~ 7, (A) @, (a)mo(M). We say
that an A<,-module N is a potential n-stage for a periodic A-module if we have A<q®4_, M is
discrete. We denote the category of potential n-stages by M,,. Equivalently, for M € Mod 4 “
and n < oo, we have M is a potential n-stage iff 7.(M) >~ m(A<p) @ry(a) T0(M). This implies
that modules of potential n-stages are n-truncated. Moreover, this implies that the A-module
structure on M and A<,-module structure on M is equivalent.

Then we have the following.
Lemma 6.1.14. Let M € MOdAgnfl' Then m: OM — M is an n-equivalence.

Proof. Since A is a shift algebra, we have F,, ~ X"myA[—n]. Then we have p : A<,—1 &
Z”HASO[—TL] — A<,—1 an n-equivalence, and hence so is 7 since n-equivalences are preserved
by forming relative tensor products. O

Corollary 6.1.15. The cofiber of # : OM — M s equivalent to X" 2mxgM[—n], using the
explicit construction of ©M.

Theorem 6.1.16. Let M € M,_;, then M could be lifted to a potential n-stage (that is,
if there is some M' € M, such that M ~ A<,_1 Q@a<n N) iff a certain obstruction class

oy € EXtZ;—(i?(ﬂ'Q(M), mo(M)) vanishes.
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Proof. Recall that M can be lifted to a potential n-stage iff ©M — M has a section, and by
using the cofiber sequence OM — M — X" 2713 M[—n], the first map admits a section iff the
second map is 0. Thus the obstruction to the lifting lies in

Homy_, (M, S 2o M [—n]) ~ Homy(4)(m0(A) ®4 s M, Y 2ng M[—n))

using the fact that the target is canonically a mo(A)-module. By definition that M is a potential
(n — 1)-stage, mo(A) ®a_,,_, M =~ m(M), hence the obstruction lies in
Hom . (4)(mo(M), Y20 (M)[—n)) ~ Ext::(i?(ﬂ'o (M), mo(M))
O

This theorem answers the question that whether a mp(A)-module can be lifted to a periodic
A-module. Moreover, we have a relative version of the theorem calculating the mapping space
of two modules from their mys. Indeed, we have

Theorem 6.1.17. Let M, N € M, then let uM = A<, ®Ac, M, we have a fiber sequence
Homyg, (M, N) — Homyy, _, (uM, uN) = Hompvoa, ., () (To(M), Y lag N[—n])

Proof. Notice that M,, is a full subcategory of Mod 4, moreover uM =~ M<,,_1, hence the left
arrow is equivalent to Homy (M, N) — Homa(M, N<p—1). Letting F' be the fiber of N —
N<,—1, we have a fiber sequence

Hom (M, N) — Homa(M, N<p_1) — Homa(M, SF)

and by noticing F' ~ X"moN[—n]| we obtain the results. O

Corollary 6.1.18. We have a spectral sequence E}' = Extizzjas(wo(M),wo(N)) converging

conditionally to m,Hom4 (M, N).

Proof. Notice that Homy (M, N) ~ @ Homy_, (M®aA<s, N®aA<s). But by the previous the-
orem we have the fiber between the filtrations given by Fy o~ Homp(x,a))(mo(M), L3moN[—s]).
Thus we have a spectral sequence associated to this filtration with the required E; page. O

Ending up with a spectral sequence computing the mapping space of periodic modules, we
are very close to our goal. We then spend some time on generalizing the above part to periodic
algebras. Now we assume that A is E and Mod4 is generated by periodic modules.

Definition 6.1.19. A potential n-stage for an Eg-algebra R in Mod <, such that its un-
derlying A<,-module is a potential n-stage. We denote the category of potential n-stages for
[Ex-algebra by Algg (M,). This is, of course, equivalent to the condition that A<o ®a o, Ris
discrete.

Also by definition mo(R) is an algebra in Mod A)(GO). Finally we have Algg (Ms) ~
lim Algg, (M,).

Lemma 6.1.20. Let R be a potential (n—1)-stage for an E-algebra. Then the map m: O©R — R
is a square zero extension of the Ey-A<,_1-algebra R by the R-module Yo R[—n).

Proof. By definition, since the fiber of 7 has homotopy concentrated in one positive degree
only. O
Er

R/Agnq'
If you haven’t seen this before, just think this as the module of relative Kahler differentials
when treating ordinary algebras. As usual, we have an equivalence of the mapping space
HomR(LI}%’“/A< R YM) and the space of square zero-extensions of E-A<y_1-algebras R — R by

Construction 6.1.21. Recall that the Ex-A<,,_1-algebra R has a cotangent complex L

M. In particular, an extension is trivial iff its corresponding map from the cotangent complex
to XM is null.

17
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Theorem 6.1.22. Let R be a potential (n — 1)-stage for an Ey algebra. Then R can be lifted
to a potential n-stage iff some obstruction class

n+2,n E
Or € Extyioq o (D(Mod, 4 (€2)) Lmg(r)/mo(a) T ()

vanishes.

Proof. By the previous argument, the obstruction class lives in
moHom R(LI]E%’“/ Ay Y"+2myR[—n]). Then this is equivalent to the above group with some cal-
culation since the second term is again concentrated in one degree. O

This theorem provides us obstructions for lifting a commutative or not m(A)-algebra in
CY to Ej-A-algebras. As before, we have the obstructions to lifting a map and the spectral
sequence for mapping spaces.

Corollary 6.1.23. Let R, T be potential n-stages for an Eg-algebra, and let uR — uT be the
corresponding map in the potential (n — 1)-stages. Then we have an equivalence

E n
Fyp == Py Hommy(r) (L ¥ gy o (4 B oL [=11])
for F the fiber over ¢ of the map

HOHlAlg[Ek (M) (R, T) — HomAlgEk (Mp_1) (UR, UT)
and @' is a certain morphism in Hom,(g) (LE(I)C(R)/TFO(A)’ Y mgT[—n]), where Py denote the
path space.

Finally, we have ¢ (which lives in the potential (n — 1)-stage) lifts to the potential n-stage iff
¢ ~ 0. Moreover, the fiber is equivalent to

E n
Homm)(R) (]Lm’:(R)/m)(A)’ b)) WoT[—n])

Proof. Similar to the previous proof. O

Corollary 6.1.24. Let ¢ : R — S be a Eix-morphism of periodic A-algebras in C. Then we
have a spectral sequence with

EYY = Homaig, , (mo(R), mo(T))
+ 2s—t,s 7 K
E}" = Extﬂ‘;(R)s(Lﬂg(R)/ﬂO(A),WO(T)),t >s>0

converging conditionally to Wt—s(HomAIgEk (Mod 1) (R, T), ).
Proof. This is also similar. O

Now, one may wonder how could we remove the periodic conditions on A-algebras, since
this is not granted in our settings. To do this, we must pass to another category smartly, and it
turns out that we must apply the above theory to the category of connective synthetic spectra.

Construction 6.1.25. We define an Adams type homology theory E to be a homotopy com-
mutative Ting spectrum E which is a filtered colimit E = lim E,, such that E.E, is a finitely
generated projective Ey-module, and the Kunneth map E*E, — Homg, (E.E,, E,) is an iso-
morphism. Then we define Spgp to be the category of finite spectra with finitely generated
projective E-homology, and the covers to be the map inducing E-homology surjections. We
define the category of E-synthetic spectra to be Syng := Shgp(Spgp).

There is a t-structure on Syngp. We define for X € Synpg, m,(X) to be the sheafification of
the presheaf assigning the m, pointwise. We say X is connective if mp(X) = 0 for n < 0 and
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coconnective if QX is a discrete sheaf of spaces. In particular, we have Syng the category
consisting of sheaves of Abelian groups. This t-structure is right complete. According to our
context, we only care about the connective synthetic spectra.

We have a functor v : Sp — Syng given by the the sheafification of the connective cover of the
Yoneda embedding. Moreover, this functor is lax symmetric monoidal.

Finally, we have a bigrading structure on Syny given by (35'X)(P) = X' X(X757'P). The
categorical suspension is L1

With these categorical preliminaries, we may do our work.

Construction 6.1.26. We give Syn%0 a grading by [1] = 210, We claim the following.
Firstly, we have for an Eo algebra A € Spg, VA an E algebra. We have the following.

1. vA is a shift algebra.

2. Mod”" ~ Mods(SpE).

3. ModWO(VA)(Syng) ~ Modg, 4(Comodg, ).
4. Mod, 4 is generated by the periodic modules.

We will not give a proof here since we are running out of time. But the above gives rise to our
desired spectral sequence.

Theorem 6.1.27. Let ¢ : R — T be a morphism of E-local E-A-algebras, then there is a
spectral sequence with

0,0
Ey" = Homcalg,, ,(Comodp, z)(ExR, ET)

Ef’t _ Exthft,s (LE

o0
Modg, r(CAlgg, 4(Comodg, g))\ “E<R/E.A’ E*T)

where BT is given F,.R-module structure by the map p, converging conditionally to

Ti—s(Mapcaig, (R, T), ¢)

Remark. We may clearly apply ® g, 4 FE.T to the first term in the above, and change the base
category to Algg o and Modg, .

Now, with a few auxillary lemmas, we may give the converse to the Galois correspondence.

Definition 6.1.28. For A — B a map of E-ring spectra, we define the topological Hochschild
homology of B relative to A by THHA(B) = B ®4 S', where this is the tensoring with space
in the category CAlg(A). Equivalently, THHA(B) ~ B ®pg,B B. Also equivalently, we have
THHA(B) is the geometric realization of the cyclic bar construction of B over A. In the last
construction, the inclusion into the O-simplices gives a map B — THH*(B). We say A — B is
THH-etale if B — THH?(B) is an equivalence.

We say A — B is etale if LE";A is contractible, B connected if mo(B) is connected, and A — B
separable if B ®4 B — B admits a section.

Lemma 6.1.29. FEvery separable A — B is THH-etale. Notice that with G discrete, the
G-Galois extension A — B is separable, hence is THH-etale.

Proof. Since G is discrete, we obviously have a retract diagram B — B®4 B — B, and applying
— ®@Bg 4B B we obtain a retract diagram

THHA(B) — B — THH"(B)

Then we notice that THHA(B) — B given by the multiplication map B®,4 --- ®4 B — B on
each stage of the cyclic bar construction is also a retract. Thus we have B ~ THHA(B). O
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Theorem 6.1.30. For any map A — B of Exo-1ing spectra, if it is THH-etale, then it is etale.

Corollary 6.1.31. Any G-Galois extension A — B with G discrete is etale. In particular,
[I A is etale over A.

Theorem 6.1.32. Let A — B be a G-Galois extension with G finite and B connected. Then the
natural map G — CAlg,(B, B) giving the action of G on B is an equivalence of E1-monoids.
In particular, every endomorphism of B over A is an automorphism, up to a contractible choice.

Proof. We compute CAlg 4 (B, B) ~ CAlgg(B ®4 B, B) ~ CAlgg([[, B, B) by the Goerss-
Hopkins spectral sequence derived above. We apply the spectral sequence with the case £ = S.
But since [[ B is etale over B, we have the spectral sequence collapses complete at the first
page leaving only the term E?’O = CAlgpg, ([Ig B+, B«) ~ G since B, is connected. Therefore
we have the results. O

Remark. We notice that it would be a lot more troublesome if G is not discrete.

Theorem 6.1.33. Let A — B be a G-Galois extension with B connected and G finite and
discrete. Then let A — C — B be a factorization of the map through a separable Eo-A-algebra
C. Then CAlg-(B,B) is discrete, and through the map CAlg.(B,B) — CAlg,(B,B),
CAlgq (B, B) can be identified with K = mo(CAlgq(B, B)) as a subgroup of G. Moreover, the
action of K on B induces an equivalence B ®c B ~ [[; B.

Proof. We again apply the Goerss-Hopkins spectral sequence to CAlg-(B, B) = CAlgg(B®c
B, B), and we again have E?’O ~ CAlg, (p)(m«(B ®c B),m(B)), and away from zero we have

st 2s—t,s Eoo
BV = BXtNiod, pe 5 (CAlg,. (i (Mod,, (s) Eri{BocB) /. (8) T(B))

Then since m,(B ®¢ B) is a retract of m.(B ®4 B) by applying B ®c — ®c B to the retract
diagram C' — C' ®4 C — C in the category of m,(B)-algebras, we have the cotangent complex
in problem a retract of the cotangent complex ILEE‘(’ which vanishes since B ® 4 B
is etale over B.

Therefore again CAlgy (B, B) is discrete, and K = mCAlgq(B,B) = Alg, (p)(m(B ®c
B),7«(B)). Then again using the that m.(B ®¢ B) is a retract of m,(B ®4 B), this implies that
K is a retract of GG, hence is a submonoid of G. But since G is finite, K must also be a group.
Moreover, noticing that 7.(B ®¢ B) is a retract of m.(B ®4 B), using the fact that m.(B)
is connected, we see that m.(B ®c B) =~ [[g m«(B). Thus since K = CAlg, (g (m«(B ®c
B),m(B)) ~ CAlg, ) ([1x m(B), m(B)) ~ K', hence K = K'. Thus we see that B®y4 B =~
[1 B restricts to B®@c B ~ [[ B. O

B®aB)/m«(B)’

Corollary 6.1.34. Let A — B be a G-Galois extension with B connected and G finite and
discrete. Then let A — C' — B be a factorization of the map through a separable Es.-A-algebra
C such that C — B is faithful, and let K = mo(CAlga(B, B)) C G. If A — B is faithful, then
C ~ B"X and C — B is a faithful K-Galois extension.

Proof. We first prove A — B is faithful implies B dualizable over C. Since C is a retract of
C ®4 C, we have C a dualizable C ® 4 C-module. Moreover, since C — B is faithful, we have
B ®4 C — B exhibits B a dualizable B ® 4 C-module. But B ® 4 B is a finite direct sum of B,
hence B ®4 B is also dualizable over B ® 4 C. But since A — B is dualizable and faithful, we
have B dualizable over C.

Moreover we have B®¢ B ~ [ [ B is a weak equivalence, and since B is faithful and dualizable
over C, we conclude that B — C'is a faithful K-Galois extension. O

Now we have established our main theorem, and we end the talk with two slight generaliza-
tions with two very important examples.
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Chapter 7

(Generalizations

Definition 7.0.1. Let A be a E-ring spectra, and let A — B, be a directed family of G-
Galois extensions, such that for o < 3, we have A — B,, is a subextension of A — Bg equipped

with a surjection Gg — G, with kernel a stably dualizable group K, g, and the data of a natural

equivalence B, ~ B Tet B = hﬂBa where the colimit is taken in E..-A-algebras, and

let G = l'glGa, then we say A — B is a G-pro-Galois extension.

Example. Ly, S — E, is a K(n)-local pro-G,-Galois extension, where G,, is the Morava
stabilizer group viewed as a profinite group.

Definition 7.0.2. A Hopf algebra spectrum is a E,.-ring spectrum H equipped with a counit
€: H — S and a co-E; coproduct ¢ : H - H ® H. We do not assume that H has an antipode
map.

For A — B a map of E-ring spectrum, we define the cobar complex C*(H; B) with H coacting
on B over A to be the cosimplicial commutative A-algebra with

CYH;B)=B® H*!

The coboundary and codegeneracy maps are obviously defined, and let C'(H;B) denote its
totalization. The algebra unit A — B induces a coaugmentation A — C*(H; B), hence a map
A — C(H; B). We say a map of E, ring spectrum A — B is an H-Hopf-Galois extension if H
coacts on B over A, so that the maps A — C(H;B) and h: B®4 B — B ® H are both weak
equivalences.

Example. For anEy-grouplike space X, S[X] is a Ex-ring spectrum through the multilplication
of G, and is a Hopf algebra spectrum with counit given by the collapse map X — * and the
comultiplication given by the diagonal map A : X — X x X.

Example. The unit map S — MU is an S[BU|-Hopf-Galois extension. This can be viewed as
the global version of Ly (,)S — Ey is a K(n)-local pro-G,,-Galois extension.
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